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Table 6.13: Average branch and bound results. n gives the dimension of the problem, nr refers to the number of instances solved. We give the average
computation time and the number of branch and cut nodes for the branch and cut code without fixing variables (column no firing), with the specialized
fixing routine exploiting the rank two property (column with fizing), and with the general fixing routine based on repeated eigenvalue computations
(column gen. fizing).

6 CUIT G A EA GO TH

CHATE

no fixing with fixing gen. fixing no fixing with fixing gen. fixing
nnr | hmm:ss nodes | hrmm:ss nodes | hrmm:ss nodes | h:mm:ss nodes | hmm:ss nodes | hmm:ss nodes
Gos G_1/0/1
40 10 12 8 11 7 11 7 13 9 13 9 13 9
50 10 46 16 46 16 47 16 50 19 50 19 49 19
60 5 4:26 57 4:24 57 4:29 57 2:45 37 2:44 36 2:44 36
70 3 14:17 121 14:06 118 14:24 118 7:44 64 7:40 63 7:40 63
80 2 30:08 145 29:53 145 29:59 145 41:15 203 41:11 203 41:14 203
90 1 2:39:05 583 2:37:07 583 2:39:11 583 11:57:00 2363 11:52:28 2360 11:56:01 2360
Gp Gip
40 10 7 4 7 4 7 4 1 1 1 1 1 1
50 10 48 14 48 14 48 14 8 2 9 2 9 2
60 5 3:13 32 3:14 31 3:15 31 49 9 49 9 49 9
70 3 7:12 41 7:05 39 7:07 39 4:32 25 5:17 29 5:19 29
80 2 43:06 158 42:57 156 43:11 156 4:57 17 4:57 18 5:02 18
90 1 30:00 69 30:48 73 30:54 73 22:49 63 23:17 63 23:18 63
Q100 Q100,.2
41 10 23 23 12 10 16 10 1 1 1 1 1 1
5110 1:12 39 34 14 42 14 6 1 5 1 7 1
61 5 2:47 51 1:11 16 1:26 16 56 15 40 9 47 9
71 3 5:57 71 3:42 35 4:38 35 7:20 71 3:41 32 4:19 32
81 2 11:23 86 9:24 45 10:50 45 7:32 33 3:22 11 5:28 11
91 1 18:35 79 1:21 3 6:04 3 18:17 73 2:56 7 4:33 7
101 1 31:39 137 28:47 104 32:34 104 31:31 113 4:29 7 8:30 7
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t was observed in Helmberg and endl [1998] that in practice G and G_; | are substan

tially more di cult to solve than Gand Gand these are again more di cult than 1 and
1 2. Indeed for the classes G  G_; 1 G and Gthe fixing routines were hardly ever
called because no variables satisfied x ; 98. ccordingly the additional cost of the routine

is negligible. However for the “easy” classes of problems ; and 1 o the specialied fixing

routine was very successful and lead to large savings in most cases. The general fixing routine was
almost equally successful in fixing variables but the cost of the repeated eigenvalue computations
is clearly visible.

Note that the algorithms trivially extend to other semidefinite relaxations e.g. for coloring
or maxcut allowing the possibility to shift eigenvalues directly. It also extends to quadratic
0 1 programming via the scaling of Lemma 3.2.3 to maxcut. Furthermore our approach is not
restricted to the fixing of variables but can be used to test whether a certain equality or inequality
constraint must be satisfied by all optimal solutions. In this sense we may also call this approach

zingf n ain .

6.4 Remarks on the Literature

The first steps in combining cutting planes with interior point methods were taen in linear
programming see Mitchell and Borchers [199] and re ferences therein. In semidefinite program
ming interior point cutting plane algorithms started with computational experiments on maxcut
Helmberg [1994]; Helmberg and  endl [1998]. Building on this wor  arisch [1995]; arisch and

endl [1998]; arisch  endl and Clausen [199] developed a cutting plane algorithm for graph
equipartitioning. ol owic and Zhao [199] discuss graph partitioning with prespecified sies.
Semidefinite relaxations of the quadratic assignment problem were studied in arisch  [1995]; Zhao

arisch endl and olowic [1998]; Lin and Saigal [199]. In order to approach more general
polyhedra Helmberg endl and eismantel [2000]; Helmberg and  eismantel [1998] investigated
the quadraticnapsac problem.

The ideas presented in Section.2 for combining cutting planes and the spectral bundle method
have not yet appeared in the literature. ven though they still lac proper computational jus
tification we have decided to include them here in the hope to encourage further wor in this
direction. Fruitful discussions with Fran  endl are gratefully acnowledged. e also than

ndreas isenblatter for providing the real world test data sets of the cochannel inter ference
minimi ation problems.

Sensitivity analysis of semidefinite programming is a well studied topic; we refer to Bonnans
Cominetti and Shapiro [1998] and references therein. n fortunately the theory builds on exact
solutions and full spectral information and is therefore of little help in implementations. The more
practical approach presented here was developed by Helmberg [2000].
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Appendix A

Linear Algebra

As a reference we recommend Horn and Johnson [1985]; Horn and Johnson [1991]. We assume
familiarity with the basic concepts of linear algebra. In this appendix we give the notation and
cite some results that are needed in the text. Unless stated explicitly otherwise, we consider the
field R of real numbers. Vectors are column vectors, M,, , is the set of m x n matrices, M, refers
to the set of square matrices of order n, S,, denotes the space of symmetric matrices of order n.

The identity matrix in M, is denoted by I,, or simply I if the dimension is clear. A matrix
P € M,, ,, is called orthonormal if PTP = 1I.

Theorem A.0.1 (Spectral theorem for symmetric matrices) If A € S,, then A is real
orthogonal diagonalizable, i.e., there is an orthonormal matrix P € M, and a diagonal matrix
A € S, with A= PAPT (PAPT is called the eigenvalue decomposition of A).

Proof. See Horn and Johnson [1985], (2.5.6). |

It is a very special property of two matrices if they can be diagonalized by the same matrix.

Definition A.0.2 A, € M, are simultaneously diagonalizable if there is a regular matriz S €
M,, so that STYAS and S~! S are both diagonal.

The columns of S may be interpreted as a common basis of A and  for which both transformations
reduce to a scaling of the coordinates.

Likewise we may consider it a special property of two matrices if they are commutative with
respect to matrix multiplication. We say that two matrices A and  commute if A = A. In
case of symmetric matrices, A and  commute if and only if their product A is a symmetric
matrix. The following theorem shows that simultaneous diagonalization and commutativity are
tightly linked together. To maintain its full generality we state the theorem for matrices over the
complex numbers C.

Theorem A.0.3 A, € M,(C) are simultaneously diagonalizable if and only if A and  commute
(A = A). In particular, for A, € S,, A €S, if and only if there is an orthonormal matriz
P which diagonalizes A and

Proof. See Horn and Johnson [1985], (1.3.12). |

We denote the eigenvalues of A € S, by \;(4), =1,...,n. For our purposes it is convenient
to sort the eigenvalues non-increasingly, Amax(A4) = A1(4) > Aa(4) > ... > A(A) = Amin(4).

Theorem A.0.4 (Rayleigh-Ritz) Let A € S,,. Then

Amin(A)zTz < 2T Az < Amax(A)zTz  for all z € R
)\max(A) = MaX||gz||=1 xT Az
)‘min(A) = min”;,;”:l .'L"TA.TI.
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Proof. See Horn and Johnson [1985], (4.2.2). |

When a symmetric matrix is extended by adding an additional row (and column), its eigen-
values cannot change arbitrarily.

Theorem A.0.5 (Interlacing eigenvalues for bordered matrices) Let A € S,,, y € R,

a € R, and let
Ay
y' a |-

Then A1) 2 A(A) 2 A2( ) 2 A2(A) 22 A ) Z A n(4) 2 A ().
Proof. See Horn and Johnson [1985], (4.3.8). |

The following theorem bounds the eigenvalues in terms of the matrix elements.
Theorem A.0.6 (Gersgorin disc theorem) Let A = [a;;] € Mp(C), and let r; = ). |agl.

j:l,j;éz
Then all eigenvalues of A are located in the union of n discs

U{z €C: |z—ayu| <mi}

=1

Furthermore, if a union of k of these n discs forms a connected region that is disjoint from all the
remaining n — k discs, then there are precisely k eigenvalues of A in this region.

Proof. See Horn and Johnson [1985], (6.1.1). [ ]
For the partitioned matrix

C
=y e,

with  regular, the matrix
F=E-D ~'C

is called the Schur complement of in A. Tt corresponds to a block Gaussian elimination step
and appears frequently in the text.



Appendix B

Convexity, Cones, and Polyhedra

References for convexity and convex minimization are Rockafellar [1970]; Hiriart-Urruty and
Lemaréchal [1993a]; Hiriart-Urruty and Lemaréchal [1993b)].

A set C C R" is called conwvez if for ¢1,co € C all points on the straight line segment ac; +
(1—a)c, for a € [0,1] are contained in C as well. For example a halfspace {z € R" : ¢'z > b} for
some ¢ € R” and b € R and the closed ball .(y) = {z € R" : ||z —y|| < &} centered at y € R"
with € > 0 are convex sets.

The intersection of (possibly infinitely many) convex sets is again a convex set. Any closed
convex set is the intersection of (possibly infinitely many) halfspaces. An inequality ¢’z > b
is called walid for a convex set C if the associated halfspace contains C. A hyperplane H =
{z: Tz =b} is called a supporting hyperplane of C if C is completely contained in one of its
halfspaces and H N C # 0.

If C is a convex set so is aC = {az : z € C} for @ € R The (Minkowski) sum of two convex
sets Cy +Cy = {1 + z2 : 1 € C1,22 € Cs} is a convex set. The image of a convex set C under a
linear transformation A is a convex set, AC = {Az : x € C'}. The convex combination Z;’;l a;C;
with 37" i =1, a; > 0 for i = 1,...,m of convex sets is a convex set.

The convex hull conv(S) of some set S C R" is the smallest convex set (with respect to set
inclusion) that contains S. In fact, conv(S) is the set of all convex combinations of elements in S.

A vector x € R” is an affine combination of vectors si,...,s; € R* if z = ATs for some
A € RF with Yt A = 1. zis affinely independent of si,. .., sy if such a A does not exist. A
set S € R" is called affinely independent if each element s € S is affinely independent of S\ {s}.
The dimension dim(S) is the cardinality of a largest affinely independent subset of S minus one.
The relative interior relint(S) is the set of points of S which is in the interior of S with respect to
aff(S), relint(S) = {z : e > 0: B.(z) Naff(S) C S}.

A set C C R" is a cone if it is closed under nonnegative multiplication and addition (z,y €
C = Az +y) € C VX>0). This definition implies that a cone is convex. A cone C is pointed
if C N (=C) = {0}. Linear subspaces and a ray {z: = Ac, A > 0} for some 0 # ¢ € R" are
examples of cones. The recession cone 0T C of a convex set C consists of all directions y such that
forz € C, x + Ay € C VA > 0. The lineality space lin(C) of a convex set C is the linear subspace
0tC N (—0"C). The cone generated by a set S is cone(S) = {z: IA > 0: z € Aconv(S)}.

A convex subset F of a convex set C is a face if every closed line segment in C' whose relative
interior intersects F' is contained in F' (z,y € CAJa € (0,1): axz+(1—a)ye F = z,y e F). If
a point in the relative interior of a convex set C' C C'is contained in a face F of C, then C' C F.
The collection of relative interiors of all nonempty faces of C' forms a partition of C'. A face is
proper if it does not contain C and is called trivial if it is empty. An exposed face is a face that
arises from the intersection of C' with a supporting hyperplane.

The faces of dimension zero are called eztreme points of C'. A closed bounded convex set is the
convex hull of its extreme points. A half-line face of C' (rays with shifted origin) determines an
extreme direction of C. The extreme directions of cones are called extreme rays. A closed convex
set not containing a line is the convex hull of its extreme points and extreme directions. If a convex

135



136 APPENDIX B. CONVEXITY, CONES, AND POLYHEDRA

set is the convex hull of finitely many points and extreme directions it is called finitely generated.
Convex sets with lineality space not equal zero have neither extreme points nor extreme directions.
However, the extremal structure can be obtained by considering the convex set C' N lin(C)*.

A convex set P C R" is a polyhedron if it is finitely generated, i.e., there are finite sets V, E € R"
such that P = conv(V') + cone(E). Equivalently, a polyhedron is the intersection of finitely many
halfspaces, i.e., there is a matrix A € R™*™ and b € R™ such that P = {z e R" : Az <b}. A
bounded polyhedron it is called a polytope. A cone is polyhedral if it is a polyhedron. For a
polyhedral cone C' € R™ there exists some matrix A € R™*™ such that C = {z € R" : Az < 0}.
For polyhedra all faces are exposed. The extreme points of a polyhedron are called wvertices, the
maximal (with respect to dimension) proper faces are called facets.

Let D C R* and f : D - RU {4+00,—00} be a function. The epigraph epi(f) of f is
the set {(z,y): € D,y € R,y > f(z)}. If epi(f) is convex in R*™*! then f is called convex.
Any convex function can be extended from D to R" by setting f(xz) = +oo for z € R* \ D.
A convex function is called proper if it is finite somewhere and f(z) > —oc everywhere. The
pointwise supremum of a (possibly infinite) family of convex functions is again a convex function,
because its epigraph is the intersection of convex epigraphs and therefore convex. For convex
functions every local minimum is a global minimum. A convex function is called strictly convex if
flaz+(1—a)y) < af(x)+(1—a)f(y). If for a strictly convex function the minimum is attained
then it is attained in a unique point. If a convex function is twice continuously differentiable
then the positive definiteness of the Hessian matrix (for all z) is equivalent to strict convexity. A
subgradient of a convex function f at a point z € D is a vector s € R™ satisfying the subgradient
inequality f(y) > f(x) + (s,y —z) for all y € D. The set of all subgradients of f at x is the
subdifferential at x and is denoted by 0f(z). x is a minimizer of a convex function f if and only
if 0 € 0f(x).

A convex function o : R® — R is called sublinear if it satisfies o(tz) = to(z) for all z € R™ and
t > 0. A function is sublinear if and only its epigraph is a cone in R**!. For a set S € R (not
necessarily convex), the support function os(x) = sup,cg (s, ) is a closed sublinear function.

The projection of a point z onto a closed convex set C'is the point y € C' minimizing 1 ||z — y||?
(the point having minimal Euclidean distance to z). Since the function is strictly convex, y is
unique. If z ¢ C there is a hyperplane separating x from C strictly, i.e., 3Ic € R*,be R: Tz <
b < cTy Vy € C. The hyperplane may be chosen so that it is supporting in the projection of x
on C.



Appendix C

Graph Instances

The numerical results of Section 6.2.3 were obtained for graphs generated by rudy, a device
independent graph generator written by Giovanni Rinaldi. It is currently available under

http://www.zib.de/helmberg/rudy.tar.gz

The arguments used to generate the graphs are listed below.
G1 -rnd_graph 800 6 8001

G2 -rnd_graph 800 6 8002
G3 -rnd_graph 800 6 8003
G4 -rnd_graph 800 8004
G5 -rnd_graph 800 6 8005

Ge -rnd_graph 800
G7  -rnd_graph 800

8001 -random O 1 8001 -times 2 -plus -1
8002 -random O 1 8002 -times 2 -plus -1
Gg -rnd_graph 800 6 8003 -random O 1 8003 -times 2 -plus -1
Gg -rnd_graph 800 6 8004 -random 0 1 8004 -times 2 -plus -1
G1o -rnd_graph 800 6 8005 -random O 1 8005 -times 2 -plus -1
G11  -toroidal_grid 2D 100 8 -random O 1 8001 -times 2 -plus -1
G12 -toroidal grid 2D 50 16 -random O 1 8002 -times 2 -plus -1
Gi3 -toroidal_grid 2D 25 32 -random 0 1 8003 -times 2 -plus -1
G14 -planar 800 99 8001 -planar 800 99 8002
G15 -planar 800 99 8003 -planar 800 99 8004
G1s -planar 800 99 8005 -planar 800 99 8006
G17 -planar 800 99 8007 -planar 800 99 8008
G138 -planar 800 99 8001 -planar 800 99 8002
G19 -planar 800 99 8003 -planar 800 99 8004
G20 -planar 800 99 8005 -planar 800 99 8006
G21 -planar 800 99 8007 -planar 800 99 8008
G2z  -rnd_graph 2000 1 20001
G23  -rnd_graph 2000 1 20002
G24 -rnd_graph 2000 1 20003
G25  -rnd_graph 2000 1 20004
G2 -rnd_graph 2000 1 20005
G27  -rnd_graph 2000 1 20001 -random O 1 20001 -times

1

1

1

1

(o2 e e I © T « I« T « N <}

-random O 1 8001 -times 2
-random 0 1 8002 -times 2 -plus -1
-random 0 1 8003 -times 2 -plus -1
-random O 1 8004 -times 2

-plus -1

+ o+ o+ + o+ o+ o+ o+

-plus -1

2 -plus -1
G2g  -rnd_graph 2000 20002 -random 0 1 20002 -times 2 -plus -1
G29 -rnd_graph 2000 20003 -random 0 1 20003 -times 2 -plus -1
G3o -rnd_graph 2000 20004 -random 0 1 20004 -times 2
G31 -rnd_graph 2000 20005 -random 0 1 20005 -times 2
G3a -toroidal_grid 2D 100 20 -random O 1 20003 -times 2 -plus -1
G333 -toroidal_grid 2D 80 25 -random 0 1 20002 -times 2 -plus -1

G34 -toroidal_grid. 2D 50 40 -random O 1 20001 -times 2 -plus -1

-plus -1
-plus -1
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-planar
-planar
-planar
-planar
-planar
-planar
-planar

-planar

-rnd._graph
-rnd_graph
-rnd_graph
-rnd_graph
-rnd_graph

-toroidal_grid_2D
-toroidal_grid_2D
-planar 1000 100 10001 -planar
-planar 1000 100 10003 -planar
-planar 1000 100 10005 -planar
-planar 1000 100 10007 -planar

2000
2000
2000
2000
2000
2000
2000
2000

99
99
99
99
99
99
99
99

1000
1000
1000
1000
1000
-toroidal_grid_2D

20001
20003
20005
20007
20001
20003
20005
20007

-planar
-planar
-planar
-planar
-planar
-planar
-planar

-planar

2 10001
2 10002
2 10003
2 10004
2 10005

50 60
30 100
25 120

-rnd_graph 5000 0.12 50001
-rnd_graph 5000 0.1 50001 -random 0 1 50001 -times 2 -plus -1
-toroidal_grid 2D 50 100 -random O 1 50001 -times 2 -plus -1

-planar 5000 99 50001 -planar 5000 99 50002 +
-planar 5000 99 50001 -planar 5000 99 50002 + -random 0 1 50001 -times 2 -plus -1
-rnd_graph 7000 0.07 70001
-rnd_graph 7000 0.07 70001 -random O 1 70001 -times 2 -plus -1
-toroidal_grid 2D 70 100 -random O 1 70001 -times 2 -plus -1

-planar 7000 99 70001 -planar 7000 99 70002 +
-planar 7000 99 70001 -planar 7000 99 70002 + -random 0 1 70001 -times 2 -plus -1
-toroidal grid 2D 80 100 -random O 1 100001 -times 2 -plus -1
-toroidal_grid 2D 90 100 -random O 1 100001 -times 2 -plus -1
-toroidal_grid 2D 100 100 -random 0 1 100001 -times 2 -plus -1

2000
2000
2000
2000
2000
2000
2000
2000

99
99
99
99
99
99
99
99

20002
20004
20006
20008
20002
20004
20006
20008

+ O+ + o+ o+ o+ o+ 4+

1000 100 10002
1000 100 10004
1000 100 10006
1000 100 10008

-random
-random
-random

-random

+ o+ o+ o+

APPENDIX C. GRAPH INSTANCES

0 1 20001
0 1 20002
0 1 20003
0 1 20004

-times
-times
-times

-times

2 -plus -1
2 -plus -1
2 -plus -1
2 -plus -1



Bibliography

Aardal, K. and Weismantel, R. (1997). Polyhedral combinatorics. In Dell’Amico, M., Maffioli,
F., and Martello, S., editors, Annotated Bibliographies in Combinatorial Optimization, pages
31-44. John Wiley & Sons, Ltd., Chichester, England.

Alizadeh, F. (1995). Interior point methods in semidefinite programming with applications to
combinatorial optimization. SIAM J. Optim., 5(1):13-51.

Alizadeh, F., Haeberly, J.-P. A.; and Overton, M. L. (1994). Primal-dual interior—point methods
for semidefinite programming. Draft presented at the XV symposium on mathematical pro-
gramming, Computer Science Department, Courant Institute of Mathematical Sciences, New
York University, New York.

Alizadeh, F., Haeberly, J.-P. A., and Overton, M. L. (1997). Complementarity and nondegeneracy
in semidefinite programming. Math. Programming, 77(2):111-128.

Alizadeh, F., Haeberly, J.-P. A., and Overton, M. L. (1998). Primal-dual interior-point methods

for semidefinite programming: Convergence rates, stability and numerical results. SIAM
J. Optim., 8(3):746-768.

Anstreicher, K., Chen, X., Wolkowicz, H., and Yuan, Y.-X. (1998). Strong duality for a trust-
region type relaxation of the quadratic assignment problem. Research Report CORR 98-31,
Department of Combinatorics and Optimization, University of Waterloo, Waterloo, Ontario
N2L 3G1, Canada.

Anstreicher, K. M. (1999). Linear programming in O(%L) operations. SIAM J. Optim., 9:803—
812.

Anstreicher, K. M. (2000). Eigenvalue bounds versus semidefinite relaxations for the quadratic
assignment problem. SIAM J. Optim., 11(1):254-265.

Anstreicher, K. M. and Brixius, N. W. (1999). A new bound for the quadratic assignment prob-
lem based on convex quadratic programming. Technical report, Department of Management
Science, University of Iowa, Iowa City, TA 52242, USA.

Balas, E. (1975). Disjunctive programming: Cutting planes from logical conditions. In Mangasar-
ian et al., O., editor, Nonlinear Programming 2, pages 279-312. Academic Press.

Balas, E., Ceria, S., Cornuejols, G., and Pataki, G. (1994). Updated semi-definite constraints.
Technical report, Carnegie Mellon University, Pittsburgh.

Barahona, F. (1983). The max—cut problem in graphs not contractible to K5. Oper. Res. Letters,
2:107-111.

Barahona, F. (1993). On cuts and matchings in planar graphs. Math. Programming, 60:53-68.

Barahona, F., Grotschel, M., and Mahjoub, R. (1985). Facets of the bipartite subgraph polytope.
Math. Oper. Res., 10:340-358.

Barahona, F., Jinger, M., and Reinelt, G. (1989). Experiments in quadratic 0-1 programming.
Math. Programming, 44:127-137.

Barker, G. P. and Carlson, D. (1975). Cones of diagonally dominant matrices. Pacific Journal of
Mathematics, 57(1):15-32.

139



140 BIBLIOGRAPHY

Ben-Israel, A., Charnes, A., and Kortanek, K. O. (1969). Duality and asymptotic solvability over
cones. Bulletin Amer. Math. Soc., 75:318-324.

Ben-Israel, A., Charnes, A., and Kortanek, K. O. (1971). Asymptotic duality over closed convex
sets. Journal of Mathematical Analysis and Apllications, 35:677—691.

Ben-Tal, A. and Nemirovski, A. (1998). Robust convex optimization. Math. Oper. Res., 23(4):769—
805.

Benson, S., Ye, Y., and Zhang, X. (1998). Mixed linear and semidefinite programming for combi-
natorial and quadratic optimization. Technical report, Department of Management Science,
University of Towa, TA, 52242, USA. to appear in Optimization Methods and Software.

Benson, S., Ye, Y., and Zhang, X. (2000). Solving large-scale sparse semidefinite programs for
combinatorial optimization. SIAM J. Optim., 10(2):443-461.

Berge, C. (1961). Farbung von Graphen, deren sdmtliche bzw. deren ungerade Kreise starr sind
(Zusammenfassung).  Wissenschaftliche Zeitschrift, Mathematisch-Naturwissenschaftliche
Reihe, pages 114-115.

Bertsekas, D. P. (1995). Nonlinear Programming. Athena Scientific, Belmont, Massachusetts.

Bertsimas, D. and Ye, Y. (1998). Semidefinite relaxations, multivariate normal distributions,
and order statistics. In Du, D.-Z. and Pardalos, P., editors, Handbook of Combinatorial
Optimization, pages 1-19. Kluwer Academic Publishers.

Bonnans, F., Cominetti, R., and Shapiro, A. (1998). Sensitivity analysis of optimization problems
under second order regular constraints. Math. Oper. Res., 23(4):806-831.

Borndorfer, R., Eisenblétter, A., Grotschel, M., and Martin, A. (1998). Frequency assignment in
cellular phone networks. Annals of Operations Research, 76:73-93.

Boyd, S., El Ghaoui, L., Feron, E., and Balakrishnan, V. (1994). Linear Matriz Inequalities in
System and Control Theory, volume 15 of SIAM Studies in Applied Mathematics. SIAM,
Philadelphia.

Burer, S. and Monteiro, R. D. (1998). An efficient algorithm for solving the MAXCUT SDP
relaxation. Manuscript, School of ISyE, Georgia Tech, Atlanta, GA 30332, USA.

Caprara, A. and Fischetti, M. (1997). Branch-and-cut algorithms. In Dell’Amico, M., Maffioli,
F., and Martello, S., editors, Annotated Bibliographies in Combinatorial Optimization, pages
45-63. John Wiley & Sons, Ltd., Chichester, England.

Caprara, A., Pisinger, D., and Toth, P. (1999). Exact solution of the quadratic knapsack problem.
INFORMS J. Comput., 11(2):125-137.

Chen, H. and Frieze, A. (1996). Coloring bipartite hypergraphs. In Cunningham, W. H., Mc-
Cormick, S. T., and Queyranne, M., editors, Integer Programming and Combinatorial Opti-
mization, volume 1084 of Lecture Notes in Computer Science, pages 345—-358. Springer.

Chopra, S. and Rao, M. R. (1993). The partition problem. Math. Programming, 59:87-115.

Chopra, S. and Rao, M. R. (1995). Facets of the k-partition polytope. Discrete Applied Mathe-
matics, 61:27-48.

Chor, B. and Sudan, M. (1995). A geometric approach to betweenness. In ESA ’95 Proceedings,
volume 979 of Lecture Notes in Computer Science, pages 227—-237. Springer.

Cullum, J., Donath, W. E., and Wolfe, P. (1975). The minimization of certain nondifferentiable
sums of eigenvalues of symmetric matrices. Math. Programming Study, 3:35-55.

de Klerk, E., Roos, C., and Terlaky, T. (1997). Initialization in semidefinite programming via a
self-dual skew-symmetric embedding. Operations Research Letters, 20:213-221.

de Klerk, E., van Maaren, H., and Warners, J. (1999). Relaxations of the satisfiability problem us-
ing semidefinite programming. CWI Report SEN-R9903, CWI, Amsterdam, The Netherlands.
To appear in the SAT2000 issue of the J. of Automated Reasoning.



BIBLIOGRAPHY 141

De Simone, C. (1989). The cut polytope and the boolean quadric polytope. Discrete Mathematics,
79:71-75.

De Simone, C. and Rinaldi, G. (1994). A cutting plane algorithm for the max—cut problem.
Optimization Methods and Software, 3:195-214.

del Corso, G. M. (1997). Esitimating an eigenvector by the power method with a random start.
SIAM J. Matriz Anal. Appl., 18(4):913-937.

Delorme, C. and Poljak, S. (1991). Combinatorial properties and the complexity of a max-cut
approximation. Technical Report 91687-OR, LRI University Paris-Sud, F-91405 ORSAY
Cedex, France.

Delorme, C. and Poljak, S. (1993). Laplacian eigenvalues and the maximum cut problem.
Math. Programming, 62:557-574.

Deza, M., Grotschel, M., and Laurent, M. (1991). Complete descriptions of small multicut poly-
topes. DIMACS Series in Discrete Mathematics and Theoretical Computer Science, 4:221—
252.

Deza, M. and Laurent, M. (1997). Geometry of Cuts and Metrics, volume 15 of Algorithms and
Combinatorics. Springer.

Deza, M., Laurent, M., and Poljak, S. (1992). The cut cone III: On the triangle facets. Graphs
Combin., 8:125-142.

Donath, W. E. and Hoffman, A. J. (1972). Algorithms for partitioning of graphs and computer logic
based on eigenvectors of connection matrices. IBM Technical Disclosure Bulletin, 15(3):938—
944.

Donath, W. E. and Hoffman, A. J. (1973). Lower bounds for the partitioning of graphs. IBM
Journal of Research and Development, 17:420-425.

Duffin, R. J. (1956). Infinite programs. In Kuhn, H. W. and Tucker, A. W., editors, Linear

Inequalitites and Related Systems, volume 38 of Annals of Math. Studies, pages 157-170.
Princeton Univ. Press, Princeton, N.J.

Feige, U. and Goemans, M. X. (1995). Approximating the value of two prover proof systems, with
applications to MAX 2SAT and MAX DICUT. In Proceedings of the Third Israel Symposium
on Theory of Computing and Systems, pages 182-189, Tel Aviv, Israel.

Fiacco, A. V. and McCormick, G. P. (1968). Nonlinear Programming: Sequential Unconstrained
Minimization Techniques. Wiley, New York.

Fletcher, R. (1985). Semi-definite matrix constraints in optimization. SIAM J. Control and
Optimization, 23(4):493-513.

Frieze, A. and Jerrum, M. (1995). Improved approximation algorithms for MAX k-CUT and MAX
BISECTION. In Balas, E. and Clausen, J., editors, Integer Programming and Combinatorial
Optimization, volume 920 of Lecture Notes in Computer Science, pages 1-13. Springer.

Frisch, K. R. (1955). The logarithmic potential method for convex programming. Memorandum,
University Institute of Economics, Oslo, Norway.

Gill, P. E., Murray, W., Saunders, M. A., Tomlin, J. A., and Wright, M. H. (1986). On projected
Newton barrier methods for linear programming and an equivalence to Karmarkar’s projective
method. Math. Programming, 36:183-209.

Goemans, M. X. (1997). Semidefinite programming in combinatorial optimization. Math. Pro-
gramming, 79:143-161.

Goemans, M. X. (1998). Semidefinite programming and combinatorial optimization. Documenta
Mathematica, Extra Volume ICM 1998, I11:657-666.

Goemans, M. X. and Williamson, D. P. (1995). Improved approximation algorithms for maximum
cut and satisfiability problems using semidefinite programming. J. ACM, 42:1115-1145.



142 BIBLIOGRAPHY

Goldfarb, D. and Scheinberg, K. (1996). Interior point trajectories in semidefinite programming,.
Technical report, Dept. of ITEOR, Columbia University, New York, NY.

Golub, G. H. and van Loan, C. F. (1989). Matriz Computations. The Johns Hopkins University
Press, 2"¢ edition.

Graham, A. (1981). Kronecker Products and Matriz Calculus With Applications. Mathematics
and its Applications. Ellis Horwood Limited, Chichester.

Grotschel, M., Lovész, L., and Schrijver, A. (1981). The ellipsoid method and its consequences in
combinatorial optimziation. Combinatorica, 1:169-197.

Grdtschel, M., Lovész, L., and Schrijver, A. (1984). Polynomial algorithms for perfect graphs.
Annals of Discrete Mathematics, 21:325-356.

Grotschel, M., Lovész, L., and Schrijver, A. (1988). Geometric Algorithms and Combinatorial
Optimization, volume 2 of Algorithms and Combinatorics. Springer, 2"? edition.

Grotschel, M. and Wakabayashi, Y. (1989). A cutting plane algorithm for a clustering problem.
Math. Programming, 45:59-96.

Grotschel, M. and Wakabayashi, Y. (1990). Facets of the clique partitioning polytope. Math. Pro-
gramming, 47:367-387.

Gruber, G. and Rendl, F. (1999). Approximating stable sets using the J-function and cutting
planes. In Inderfurth, K., Schwédiauer, G., Domschke, W.; Juhnke, F., Kleinschmidt, P., and
Wischer, G., editors, Operations Research Proceedings 1999, pages 69-74, Berlin. Gesellschaft
fiir Operations Research . V.(GOR), Springer.

Halperin, E. and Zwick, U. (1999). Approximation algorithms for MAX 4-SAT and rounding
procedures for semidefinite programming. In Cornuéjols, G., Burkard, R., and Woeginger,
G. J., editors, Integer Programming and Combinatorial Optimization, volume 1610 of Lecture
Notes in Computer Science, pages 202—-217. Springer.

Hammer, P. L. (1965). Some network flow problems solved with pseudo-boolean programming.
Operations Research, 13:388-399.

Hastad, J. (1997). Some optimal inapproximability results. Electronic Colloquium on Computa-
tional Complexity, TR97-037. Revision 01 of Sept. 24, 1999.

Helmberg, C. (1994). An interior point method for semidefinite programming and maz—cut bounds.
PhD thesis, Graz University of Technology, Rechbauerstrale 12, A-8010 Graz, Austria.

Helmberg, C. (2000). Fixing variables in semidefinite relaxations. SIAM J. Matriz Anal. Appl.,
21(3):952-969.

Helmberg, C. and Kiwiel, K. C. (1999). A spectral bundle method with bounds. ZIB Preprint
SC-99-37, Konrad-Zuse-Zentrum fiir Informationstechnik Berlin, Takustrafle 7, 14195 Berlin,
Germany.

Helmberg, C. and Oustry, F. (2000). Bundle methods to minimize the maximum eigenvalue func-
tion. In Wolkowicz, H., Saigal, R., and Vandenberghe, L., editors, Handbook of Semidefinite
Programming, pages 307-337. Kluwer Academic Publishers, Boston/Dordrecht/London.

Helmberg, C., Poljak, S., Rendl, F., and Wolkowicz, H. (1995). Combining semidefinite and
polyhedral relaxations for integer programs. In Balas, E. and Clausen, J., editors, Integer
Programming and Combinatorial Optimization, volume 920 of Lecture Notes in Computer
Science, pages 124-134. Springer.

Helmberg, C. and Rendl, F. (1998). Solving quadratic (0,1)-problems by semidefinite programs
and cutting planes. Math. Programming, 82(3):291-315.

Helmberg, C. and Rendl, F. (2000). A spectral bundle method for semidefinite programming.
SIAM J. Optim., 10(3):673696.

Helmberg, C., Rendl, F., Vanderbei, R. J., and Wolkowicz, H. (1996). An interior—point method
for semidefinite programming. SIAM J. Optim., 6(2):342-361.



BIBLIOGRAPHY 143

Helmberg, C., Rendl, F., and Weismantel, R. (2000). A semidefinite programming approach to
the quadratic knapsack problem. J. of Combinatorial Optimization, 4(2):197-215.

Helmberg, C. and Weismantel, R. (1998). Cutting plane algorithms for semidefinite relaxations. In
Pardalos, P. M. and Wolkowicz, H., editors, Topics in Semidefinite and Interior-Point Meth-
ods, volume 18 of Fields Institute Communications, pages 197-213. American Mathematical
Society.

Hill, R. D. and Waters, S. R. (1987). On the cone of positive semidefinite matrices. Linear Algebra
and its Applications, 90:81-88.

Hiriart-Urruty, J.-B. and Lemaréchal, C. (1993a). Convex Analysis and Minimization Algorithms I,
volume 305 of Grundlehren der mathematischen Wissenschaften. Springer, Berlin, Heidelberg.

Hiriart-Urruty, J.-B. and Lemaréchal, C. (1993b). Convex Analysis and Minimization Algorithms
I, volume 306 of Grundlehren der mathematischen Wissenschaften. Springer, Berlin, Heidel-
berg.

Homer, S. and Peinado, M. (1995). Design and performance of parallel and distributed approxi-
amtion algorithms for max-cut. Technical report, Department of Computer Science, Boston
University, 111 Cummington Street, Boston, MA 02215.

Horn, R. A. and Johnson, C. R. (1985). Matriz Analysis. Cambridge University Press.
Horn, R. A. and Johnson, C. R. (1991). Topics in Matriz Analysis. Cambridge University Press.

Jarre, F. (1993). An interior—point method for minimizing the maximum eigenvalue of a linear
combination of matrices. Siam J. Control and Optimization, 31(5):1360-1377.

Johnson, E., Mehrotra, A., and Nemhauser, G. (1993). Min-cut clustering. Math. Programming,
62:133-152.

Juhdsz, F. (1981). On the spectrum of a random graph. In Lovdsz, L. and Sés, V. T., editors,
Algebraic Methods in Graph Theory, volume 25 of Colloguia Mathematica Societatis Jdanos
Bolyai, pages 313-316. North-Holland Publishing Company, Amsterdam-Oxford-New York.

Jinger, M. and Rinaldi, G. (1998). Relaxations of the max cut problem and computation of spin
glass ground states. In Kischka, P., editor, Proc. SOR ‘97, pages 74-83.

Karger, D., Motwani, R., and Sudan, M. (1994). Approximate graph coloring by semidefinite
programming. In FOCS 94, pages 2-13.

Karisch, S. E. (1995). Nonlinear Approaches for Quadratic Assignment and Graph Partition Prob-
lems. PhD thesis, Department of Mathematics, Graz University of Technology, Steyrergasse
30, A-8010 Graz, Austria.

Karisch, S. E. and Rendl, F. (1998). Semidefinite programming and graph equipartition. In
Pardalos, P. M. and Wolkowicz, H., editors, Topics in Semidefinite and Interior-Point Meth-
ods, volume 18 of Fields Institute Communications, pages 77-95. American Mathematical
Society.

Karisch, S. E., Rendl, F., and Clausen, J. (1997). Solving graph bisection problems with semidef-
inite programming. Technical Report DIKU-TR-97/9, Department of Computer Science,
University of Copenhagen, Universitetsparken 1, DK-2100 Copenhagen, Denmark. To appear
in INFORMS J. Comput.

Karloff, H. (1996). How good ist the Goemans-Williamson MAX-CUT algorithm? In STOC’96,
pages 427-434.

Karloff, H. and Zwick, U. (1997). A 7/8-approximation algorithm for MAX 3SAT? In Proc. of
38th FOCS, pages 406-415.

Karmarkar, N. (1984). An new polynomial—-time algorithm for linear programming. Combinatorica,
4:373-395.

Khachiyan, L. and Porkolab, L. (1997). Computing integral points in convex semi-algebraic sets.
In FOCS 97, pages 162-171.



144 BIBLIOGRAPHY

Kiwiel, K. C. (1983). An aggregate subgradient method for nonsmooth convex minimization.
Math. Programming, 27:320-341.

Kiwiel, K. C. (1986). A linearization algorithm for optimizing control systems subject to singular
value inequalities. IEEE Transactions on Automatic Control, AC-31(7):595-602.

Kiwiel, K. C. (1990). Proximity control in bundle methods for convex nondifferentiable minimiza-
tion. Math. Programming, 46:105-122.

Kiwiel, K. C. (1995). Approximation in proximal bundle methods and decomposition of convex
programs. Journal of Optimization Theory and Applications, 84(3):529-548.

Klein, P. and Lu, H.-1. (1996). Efficient approximation algorithms for semidefinite programs arising
from MAXCUT and COLORING. In STOC’96, pages 338-347.

Knuth, D. E. (1994). The sandwich theorem. The Electronic Journal of Combinatorics, 1:#A1.

Kojima, M., Mizuno, S., and Yoshise, A. (1989a). A polynomial-time algorithm for a class of
linear compelementarity problems. Math. Programming, 44:1-26.

Kojima, M., Mizuno, S., and Yoshise, A. (1989b). A primal-dual interior point algorithm for linear
programming. In Megiddo, N., editor, Progress in Mathematical Programming, chapter 2,
pages 29-47. Springer, New York.

Kojima, M., Shida, M., and Shindoh, S. (1997). Reduction of monotone linear complementarity
problems over cones to linear programs over cones. Acta Mathematica Vietnamica, 22:147—
157.

Kojima, M., Shida, M., and Shindoh, S. (1998). Local convergence of predictor-corrector infeasible-
interior-point algorithms for SDPs and SDLCPs. Math. Programming, 80(2):129-160.

Kojima, M., Shida, M., and Shindoh, S. (1999). A predictor-corrector interior-point algorithm for
the semidefinite linear complementarity problem using the Alizadeh-Haeberly-Overton search
direction. STAM J. Optim., 9(2):444-465.

Kojima, M., Shindoh, S., and Hara, S. (1994). Interior—point methods for the monotone linear
complementarity problem in symmetric matrices. Research Report B-282, Department of
Information Sciences, Tokyo Institute of Technology. Revised April 1995.

Kojima, M., Shindoh, S., and Hara, S. (1997). Interior—point methods for the monotone linear
complementarity problem in symmetric matrices. STAM J. Optim., 7(1):86-125.

Laurent, M. and Poljak, S. (1995). On a positive semidefinite relaxation of the cut polytope.
Linear Algebra and its Applications, 223/224:439-461.

Laurent, M. and Poljak, S. (1996a). Gap inequalities for the cut polytope. Europ. J. Combinatorics,
17:233-254.

Laurent, M. and Poljak, S. (1996b). On the facial structure of the set of correlation matrices.
SIAM Journal on Matriz Analysis and Applications, 17:530-547.

Laurent, M., Poljak, S., and Rendl, F. (1997). Connections between semidefinite relaxations of
the max-cut and stable set problems. Math. Programming, 77(2):225-246.

Lemaréchal, C., Oustry, F., and Sagastizébal, C. (2000). The {-Lagrangian of a convex function.
Trans. Amer. Math. Soc., 352(2):711-729.

Lewis, A. S. and Overton, M. L. (1996). Eigenvalue optimization. Acta Numerica, pages 149-190.

Lin, C.-J. and Saigal, R. (1995a). An infeasible start predictor corrector method for semi-definite
linear programming. Technical report, Department of Industrial and Operations Engineering,
The University of Michigan, Ann Arbor, Michigan 48109-2117.

Lin, C.-J. and Saigal, R. (1995b). A predictor-corrector method for semidefinite linear program-
ming. Technical report, Department of Industrial and Operations Engineering, The University
of Michigan, Ann Arbor, Michigan 48109-2117. Revised December 1995.



BIBLIOGRAPHY 145

Lin, C.-J. and Saigal, R. (1997). On solving large-scale semidefinite programming problems — a
case study of quadratic assignment problem. Technical report, Department of Industrial and
Operations Engineering, University of Michigan.

Lovéasz, L. (1979). On the Shannon capacity of a graph. IEEE Transactions on Information
Theory, IT-25(1):1-7.

Lovasz, L. and Schrijver, A. (1991). Cones of matrices and set-functions and 0-1 optimization.
SIAM J. Optim., 1(2):166-190.

Luo, Z.-Q., Sturm, J. F., and Zhang, S. (1996). Duality and self-duality for conic convex program-
ming. Report 9620/A, Econometric Institute, Erasmus University of Rotterdam, P.O. Box
1738, 3000 DR Rotterdam, The Netherlands.

Luo, Z.-Q., Sturm, J. F.; and Zhang, S. (1997). Duality results for conic convex programming.
Report 9719/A, Econometric Institute, Erasmus University of Rotterdam, P.O. Box 1738,
3000 DR Rotterdam, The Netherlands.

Mahajan, S. and Ramesh, H. (1995). Derandomizing semidefinite programming based approxima-
tion algorithms. In FOCS 95, pages 162-169.

Megiddo, N. (1989). Pathways to the optimal set in linear programming. In Megiddo, N., editor,
Progress in Mathematical Programming, chapter 8, pages 131-158. Springer, New York.
Mehlhorn, K., Naher, S., Seel, M., and Uhrig, C. (1999). The LEDA User Man-

uwal, Version 3.8. Max-Planck-Institut fiir Informatik, 66123 Saarbriicken, Germany.
http://www.mpi-sb.mpg.de/LEDA/leda.html.
Mitchell, J. E. and Borchers, B. (1996). Solving real-world linear ordering problems using a
primal-dual interior point cutting plane method. Annals of Operations Research, 62:253-276.
Mohar, B. and Poljak, S. (1990). Eigenvalues and the max-cut problem. Czechoslovak Mathemat-
ical Journal, 40(115):343-352.

Monteiro, R. D. C. (1997). Primal-dual path-following algorithms for semidefinite programming.
SIAM J. Optim., 7(3):663-678.

Monteiro, R. D. C. (1998). Polynomial convergence of primal-dual algorithms for semidefinite
programming based on Monteiro and Zhang family of directions. STAM J. Optim., 8(3):797—
812.

Monteiro, R. D. C. and Adler, I. (1989a). Interior path following primal-dual algorithms. Part I:
Linear programming. Math. Programming, 44:27-41.

Monteiro, R. D. C. and Adler, I. (1989b). Interior path following primal-dual algorithms. Part II:
Convex quadratic programming. Math. Programming, 44:43—66.

Monteiro, R. D. C. and Zanjacomo, P. (1997). A note on the existence of the Alizadeh-Haeberly-
Overton direction for semidefinite programming. Math. Programming, 78(3):393-396.

Monteiro, R. D. C. and Zhang, Y. (1998). A unified analysis for a class of path-following primal-
dual interior-point algorithms for semidefinite programming. Math. Programming, 81(3):281—
299.

Nesterov, Y. (1998). Semidefinite relaxation and nonconvex quadratic optimization. Optimization
Methods and Software, 9:141-160.

Nesterov, Y. and Nemirovskii, A. (1994). Interior—Point Polynomial Algorithms in Convex Pro-
gramming. STAM Studies in Applied Mathematics, Philadelphia.

Nesterov, Y. and Todd, M. J. (1997). Self-scaled barriers and interior-point methods for convex
programming. Math. Oper. Res., 22:1-42.

Nesterov, Y. and Todd, M. J. (1998). Primal-dual interior-point methods for self-scaled cones.
SIAM J. Optim., 8:324-364.

Nesterov, Y., Todd, M. J., and Ye, Y. (1999). Infeasible-start primal-dual methods and infeasibility
detectors for nonlinear programming problems. Math. Programming, 84(2):227-267.



146 BIBLIOGRAPHY

Oustry, F. (1999a). The U-Lagrangian of the maximum eigenvalue function. SIAM J. Optim.,
9(2):526-549.

Oustry, F. (1999b). A second-order bundle method to minimize the maximum eigenvalue function.
Technical Report RR-3738, INRIA Rhone-Alpes, ZIRST - 655 avenue de I’Europe, F-38330
Montbonnot Saint-Martin. To appear in Math. Programming.

Overton, M. L. (1992). Large-scale optimization of eigenvalues. SIAM J. Optim., 2(1):88-120.
Overton, M. L. and Womersly, R. S. (1992). On the sum of the largest eigenvalues of a symmetric
matrix. SIAM J. Matrix Anal. Appl., 13(1):41-45.

Overton, M. L. and Womersly, R. S. (1993). Optimality conditions and duality theory for minimiz-
ing sums of the largest eigenvalues of symmetric matrices. Math. Programming, 62(2):321-357.

Overton, M. L. and Womersly, R. S. (1995). Second derivatives for optimizing eigenvalues of
symmetric matrices. STAM J. Matriz Anal. Appl., 16(3):697-718.

Padberg, M. (1989). The boolean quadric polytope. Math. Programming, 45:132-172.

Parlett, B. N. (1998). The Symmetric Eigenvalue Problem. SIAM.

Pataki, G. (1998). On the rank of extreme matrices in semidefinite programming and the multi-
plicity of optimal eigenvalues. Math. Oper. Res., 23(2):339-358.

Polak, E. and Wardi, Y. (1982). Nondifferentiable optimization algorithm for designing control
systems having singular value inequalities. Automatica, 18:267-283.

Poljak, S. and Rendl, F. (1995a). Nonpolyhedral relaxations of graph-bisection problems. SIAM
J. Optim., 5(3):467-487.

Poljak, S. and Rendl, F. (1995b). Solving the max-cut problem using eigenvalues. Discrete Applied
Mathematics, 62:249-278.

Poljak, S., Rendl, F., and Wolkowicz, H. (1995). A recipe for semidefinite relaxation for (0,1)-
quadratic programming. J. Global Optim., 7(1):51-73.

Poljak, S. and Tuza, Z. (1995). Maximum cuts and large bipartite subgraphs. DIMACS Series in
Discrete Mathematics and Theoretical Computer Science, 20:181-244.

Porkolab, L. and Khachiyan, L. (1997). On the complexity of semidefinite programs. Journal of
Global Optimization, 10(4):351-365.

Potra, F. A. and Sheng, R. (1996). Superlinear convergence of a predictor-corrector method for
semidefinite programming without shrinking central path neighborhood. Reports on Com-
putational Mathematics 91, Department of Mathematics, University of Iowa, Iowa City, TA
52242.

Potra, F. A. and Sheng, R. (1998a). On homogenous interior-point algorithms for semidefinite
programming. Optimization Methods and Software, 9.

Potra, F. A. and Sheng, R. (1998b). A superlinearly convergent primal-dual infeasible-interior-
point algorithm for semidefinite programming. STAM J. Optim., 8(4):1007-1028.

Preparata, F. P. and Shamos, M. 1. (1985). Computational Geometry. Texts and Monographs in
Computer Science. Springer-Verlag. Third corrected printing 1990.

Ramana, M. (1997). An exact duality theory for semidefinite programming and its complexity
implications. Math. Programming, 77(2):129-162.

Ramana, M., Tungel, L., and Wolkowicz, H. (1997). Strong duality for semidefinite porgramming.
SIAM J. Optim., 7(3):641-662.

Rendl, F. and Wolkowicz, H. (1995). A projection technique for partitioning the nodes of a graph.
Annals of Operations Research, 58:155-180.

Renegar (1988). A polynomial-time algorithm, based on Newton’s Method, for linear program-
ming. Math. Programming, 40:50-94.



BIBLIOGRAPHY 147

Rockafellar, R. T. (1970). Convex Analysis. Princeton University Press, Princeton, New Jersey.
Saad, Y. (1992). Numerical Methods for Large Eigenvalue Problems. Halsted Press, New York.

Schramm, H. and Zowe, J. (1992). A version of the bundle idea for minimizing a nonsmooth
function: conceptual idea, convergence analysis, numerical results. STAM J. Optim., 2:121-
152.

Seymour, P. D. (1981). Matroids and multicommodity flows,. Europ. J. Combin., 2:257-290.
Shapiro, A. and Fan, M. K. H. (1995). On eigenvalue optimization. SIAM J. Optim., 5(3):552-569.

Sherali, H. and Adams, W. P. (1990). A hierarchy of relaxations between the continuous and convex
hull representations for zero-one programming problems. SIAM J. Disc. Math., 3(3):411-430.

Shor, N. Z. (1987). Quadratic optimization problems. Soviet Journal of Computer and Systems
Sciences, 25:1-11. Originally published in Tekhnicheskaya Kibernetika, No. 1, 1987, pp. 128-
139.

Skutella, M. (1998). Semidefinite relaxations for parallel machine scheduling. In Proceedings of
the 39th Annual IEEE Symposium on Foundations of Computer Science (FOCS’98), pages
472-481.

Sonnevend, G. (1985). An analytic center for polyhedrons and new classes of global algorithms for
linear (smooth, convex) programming. In et al., A. P., editor, Proceedings of the 12th IFIP
Conference, Lecture Notes in Control and Inform. Sci. , Vol. 84, pages 866-876. Springer-
Verlag.

Sorensen, D. C. (1992). Implicit application of polynomial filters in a k-step Arnoldi method.
SIAM J. Matriz Anal. Appl., 13(1):357-385.

Sturm, J. F. (1997). Primal-Dual Interior Point Approach to Semidefinite Programming. PhD
thesis, Erasmus University Rotterdam, Rotterdam Netherlands. Tinbergen Institute Research
Series vol. 156, Thesis Publishers, Amsterdam, The Netherlands, 1997.

Sturm, J. F. and Zhang, S. (1999). Symmetric primal-dual path following algorithms for semidef-
inite programming. Applied Numerical Mathematics, 29:301-315.

Todd, M. J. (1999). A study of search directions in primal-dual interior-point methods for semidef-
inite programming. Optimization Methods and Software, 11:1-46.

Todd, M. J., Toh, K. C., and Tiitiinct, R. H. (1998). On the Nesterov-Todd direction in semidef-
inite programming. SIAM J. Optim., 8(3):769-796.

Toh, K. C., Todd, M. J., and Tiitiincii, R. H. (1998). SDPT3 — a MATLAB software package for
semidefinite programming. Technical report, Department of Mathematics, National University
of Singapore, 10 Kent Ridge Crescent, Singapore 119260.

Tuncel, L. (1998). Primal-dual symmetry and scale invariance of interior-point algorithms for
convex optimization. Math. Oper. Res., 23(3):708-718.

Vandenberghe, L. and Boyd, S. (1995). A primal-dual potential reduction method for problems
involving matrix inequalities. Mathematical Programming, Series B, 69(1):205-236.

Vandenberghe, L. and Boyd, S. (1996). Semidefinite programming. SIAM Review, 38(1):49-95.
Weismantel, R. (1997). On the 0/1 knapsack polytope. Math. Programming, 77:49-68.

Williams, A. (1985). Quadratic 0-1 programming using the roof dual with computational results.
RUTCOR Research Report 8-85, Rutgers Unversity.

Wolkowicz, H. (1981). Some applications of optimization in matrix theory. Linear Algebra and its
Applications, 40:101-118.

Wolkowicz, H., Saigal, R., and Vandenberghe, L., editors (2000). Handbook of Semidefinite Pro-
gramming, volume 27 of International Series in Operations Research and Management Sci-
ence. Kluwer Academic Publishers, Boston/Dordrecht/London.



148 BIBLIOGRAPHY

Wolkowicz, H. and Zhao, Q. (1996). Semidefinite programming relaxations for the graph parti-
tioning problem. CORR Report, University of Waterloo, Ontario, Canada.

Ye, Y. (1997a). Approximating quadratic optimization with linear and boolean constraints. Work-
ing paper, Department of Management Sciences, The University of Iowa, Iowa City, TA 52242,
USA.

Ye, Y. (1997b). Approximating quadratic programming with bound constraints. Working paper,
Department of Management Science, The University of Iowa, Iowa City, IA 52242, USA.

Ye, Y. (1997c). Interior Point Algorithms, Theory and Analysis. Interscience Series in Discrete
Mathematics and Optimization. Wiley, New York.

Ye, Y. (1999a). A .699-approximation algorithm for max-bisection. Working note, Department
of Management Sciences, Henry B. Tippie College of Business, The University of Iowa, Iowa
City, IA 52242, USA.

Ye, Y. (1999b). Approximation quadratic programming with bound and quadratic constraints.
Math. Programming, 84(2):219-226.

Zhang, Y. (1998). On extending some primal—dual interior-point algorithms from linear program-
ming to semidefinite programming. SIAM J. Optim., 8(2):365-386.

Zhao, Q., Karisch, S. E., Rendl, F., and Wolkowicz, H. (1998). Semidefinite programming re-
laxations for the quadratic assignment problem. Journal of Combinatorial Optimization,
2(1):71-109.

Zwick, U. (1998a). Approximation algorithms for constraint satisfaction problems involving at
most three variables per constraint. In Proc. of 9th SODA, pages 201-210.

Zwick, U. (1998b). Finding almost satisfying assignments. In Proc. of 30th STOC, pages 551-560.

Zwick, U. (1999). Outward rotations: a tool for rounding solutions of semidefinite programming
relaxations, with applications to MAX CUT and other problems. In Proc. of 31st STOC.



BIBLIOGRAPHY

Notation:

149

Sets and Matrices

relint(F)
Vx
min / max

inf / sup
argmin / argmax
Argmin / Argmax

complex numbers

nonnegative integers (including zero)

rational numbers

real numbers

set of integers

real column vector of dimension n

nonnegative real column vector

m X n real matrices

n % n real matrices

n X n complex matrices

n X n symmetric real matrices

n X n symmetric positive definite matrices

n X n symmetric positive semidefinite matrices
identity of appropriate size or of size n

vector of all ones of appropriate dimension

i-th column of I

i-th eigenvalue of A € M,,, usually Ay > A2 > ... > A\,
minimal and maximal eigenvalue of A

diagonal matrix with (A4)i; = Ai(4)
determinant of A

nullspace of A

range space of A

rank of A

transpose of A

trace of A € My, tr(A) = 30" | aii = D1y Ai(4)
inner product in M,, ,, (4, B) = tr(BT A)
Frobenius norm of A, ||A|lz = 1/(4, 4)
Hadamard or Schur product of A, B € My,
Kronecker product of A € My, n, B € My,
vector obtained by stacking the columns of A
symmetric Kronecker product of A, B € M,
vector obtained by stacking the columns of the lower triangle
of A € S, with offdiagonals multiplied by /2
i-th row (column) of A

diagonal matrix with v on its main diagonal

the diagonal of A € M, as a column vector
signum of z

affine hull of a set S

conic hull of a set S

convex hull of a set S

relative interior of a convex set F'

first derivative with respect to X
minimum/maximum value attained in an ordered set
or minimize/maximize a program
infimum/supremum of an ordered set
minimizing/maximizing argument of a function
set of minimizing/maximizing arguments of a function
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Graphs
G=(V,E) graph with node set V and edge set E
1% set of nodes, usually V ={1,...,n}
E set of edges
ij edge with end nodes i and j

4(9) cut; the set of edges with exactly one endnode in S CV



